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This paper discusses the growth and oscillatory behavior of solutions of 
n-th-order nonlinear functional differential equations. Sufficient conditions for 
all solutions or all bounded solutions to be nonoscillatory are given. An extensive 
bibliography is also included. 
1. INTRODUCTION 
For many years there has been a great deal of interest in nonlinear oscillation 
problems, as the vast literature on the Emden-Fowler, van der Pol, and LiCnard 
equations attests. Recently, this interest has centered on higher-order nonlinear 
equations and especially higher-order functional differential equations. This 
latter trend was prompted somewhat by the early work of Lick0 and Svec [61], 
Kiguradze [43], S vet [93], Kartsatos [30, 33, 351, Onose [70, 711, and Ryder 
and Wend [75] on higher-order nonlinear ordinary equations. Since then many 
results guaranteeing that solutions oscillate and/or converge to zero have 
appeared in the literature. For ordinary equations, see the papers of Baker [I], 
Howard [28], Kamenev [29], Kartsatos [31, 32, 34, 371, Kartsatos and Onose 
[41], Onose [67, 68, 721, Wong [98], and Yoshizawa [IOO] ; for functional 
equations, see the recent contributions of: Burkowski [3], Burton and Grimer [4], 
Bykov et al. [S], Chiou [6], Dahiya and Singh [ll, 861, Erbe [12], Hino [27], 
Koplatadze [44, 451, Kung [46, 471, Kusano and Onose [54], Ladas et al. [57, 
581, Ladde [60], Lovelady [62], Odarii: and Shevelo [66], Staikos and Petsoulas 
[87], and Wong [9] for second-order equations; and Bogar [2], Dahiya et al. 
[7-lo], Foster [13, 141, Graef and Spikes [17], G rammatikopoulos et al. [21-231, 
Grimmer [24], Gustafson [25], Kartsatos et al. [36, 38-40], Onose et al. [48-53, 
55, 69, 741, Ladas et al. [56, 591, Marugiak [63, 641, Naito [65], Sevelo and Vareh 
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[76], Sficas et al. [77-82, 88-921, Singh [83-851, Terry [95, 961, and True [97] 
for higher-order equations. 
Few results yielding the existence of nonoscillatory solutions are known (see, 
for example, [7, 9, 11, 12, 21-23, 32, 46, 56, 63, 64, 66, 68-71, 73, 85, 88, 93, 
95, 99, 1001). For additional results of this type for second-order equations, we 
refer the reader to the paper of Graef and Spikes [18], the survey paper 
of Wong [98], and the references contained therein. Far fewer sufficient condi- 
tions for nonoscillation are known. In fact, no such results are known for higher- 
order nonlinear ordinary or functional differential equations. Although some 
results of this type are known for second-order equations (again see [18, 98]), 
the only nonoscillation criteria for forced equations are those of Svec [94], 
Hammet [26], and Keener [42] in the linear case and Graef [15] and Graef and 
Spikes [16, 18-201 in the nonlinear case. 
In this paper we obtain results on the growth and oscillatory behavior of 
solutions of an nth-order forced nonlinear functional differential equation (Eq. (1) 
below). Theorem 1 serves to motivate the type of hypotheses used in subsequent 
theorems. Theorem 2 extends an oscillation result of Kartsatos and Manougian 
[39]. The remaining theorems in this paper give sufficient conditions for all 
solutions or all bounded solutions of Eq. (7) to be nonoscillatory. 
2. GROWTH AND OSCILLATORY BEHAVIOR OF SOLUTIONS 
Consider the equation 
x(“) +f(t, x, x’,..., X(n-l), x(r1(t)), X’(T2(t)),..*, X’“-l’(Tn(t))) 
= e(t, x, x’,..., x(“-l), x(~~(t)), x’(72(t)) ,..., xcn-l)(~,(t))), 
(1) 
where f, e: [t, , co) x R2” + R, TV: [to , 03) + R are continuous and am - a3 
as t --f co, i = 1, 2 ,..., n. Without further mention we note that the results in 
this paper pertain only to the continuable solutions of (I). It is convenient to use 
the same classification of solutions used in [16-201. That is, a solution x(t) of (1) 
is called nonoscillatory if there exists t, 3 to such that x(t) # 0 for t > t,; the 
solution is called oscillatory if for any given t, > t, there exists t, and t, satisfying 
t, < t, < t, , x(tp) > 0, and x(tJ < 0; and it is called a Z-type solution if it has 
arbitrarily large zeros but is ultimately nonnegative or nonpositive. 
Our first theorem concerns the growth of solutions of (1). It differs from other 
results of this type found in the literature in that it includes the Z-type solutions 
as well. This theorem also motivates the types of hypotheses placed on the func- 
tion e in the remainder of the paper. 
THEOREM 1. Suppose that there exists a continuous function r: [to , CO) + R 
such that 
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and 
I 44 ul , u2 , . . . . u, , o1 , v2 ,..., Ql d r(t) (2) 
when both xl and y1 are nonnegative or nonpositive. Then any nonoscillatory OY Z- 
type solution x(t) of (1) satisfies 
x(t)] = 0 (P-l + j-1 (t - s)n-l r(s) ds) , t -+ CD. 
Proof. Let x(t) be a nonoscillatory or Z-type solution of (I), say x(t) > 0 
for t 3 tl > t, . Then there exists T 3 tl such that x(7,(t)) 3 0 for t 3 T. 
From condition (2) we have xfn)(t) < r(t) for t > T, so integrating n times we 
obtain 
x(t) < x(T) + x’(T) (t - T) + *a* + x(+l)(T) (t - T)n-l/(n - l)! 
+ 5: (t - s)n-l r(s) ds/(n - I)!. 
(4) 
Hence, for t > T, 
0 < x(t) < P,&) + J; (t - q-l Y(S) awn - 111 
where Pnml(t) is a polynomial of degree at most n - 1. A similar proof holds 
if x(t) < 0 for t 3 t, 3 t, . 
Remark. If we impose the additional condition 
I 
t 
t0 (t - s)“-l Y(S) ds = O(tm), t-co (5) 
for some nonnegative integer m, then every nonoscillatory or Z-type solution 
x(t) of (I) satisfies 
I x(t)1 = W), t-+ Co, (6) 
where k = max{n - 1, m}. Staikos and Sficas [89] discussed some properties 
of those nonoscillatory solutions of (1) which satisfy (6) with k < n - 1. In a 
subsequent paper, Grammatikopoulos, Sficas, and Staikos [22] gave necessary 
and sufficient conditions for a class of nonlinear functional differential equations 
to possess a solution of this type. However, they did not give any conditions 
which would ensure that all nonoscillatory solutions satisfy (6). Theorem 1 
together with condition (5) (with m < n - 1) does provide such a result and it 
includes the Z-type solutions as well. 
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The following oscillation theorem extends a result of Kartsatos and Manou- 
gian [39, Theorem 2.21. 
THEOREM 2. Let e(t, x ,..., ~(~-1) (Tn(t))) = r(t) and suppose that the inequality 
in condition (3) is reversed and for every k > 0 and T > t, we have 
and 
“m+“n”P [j; (t - s)n-l Y(S) ds - kt”-‘] = too 
lim inf 
t-r [j; (t - s)n-l Y(S) ds + kt”-1-j z --co. 
Then every bounded solution of (1) is oscillatory. 
Proof. Let x(t) be a bounded solution of (1) such that x(t) < 0 for 
t > 2, > t, . Then there exists T 3 t, such that x(-rl(t)) < 0 for t 3 T, so 
x(n)(t) < r(t) for t > T. As in the proof of Theorem 1, successive integrations 
yield inequality (4). Noticing that there exist k > 0 and t, > T such that 
P,-l(t) < ktn-l for t > t, , we have 
lirnrrf x(t) < lizinf [(?r - l)! ktn-l + J;” (t - s>,-l Y(S) ds]/(n - I)! = --co, 
which contradicts the boundedness of x(t). The proof in case x(t) > 0 for t > t, 
is similar. 
The remainder of the results in this paper are concerned with the equation 
x(n) + q(t) f (t, x, x’,..., x’“-l’(Tn(t))) 
- e(t, x, x’,..., .a+“-1)(7,(t))), - 
(7) 
where q: [t, , co) + R is continuous and f, e and 7i , i = 1,2 ,..., n are as before. 
Assume that 
q(t) 3 0, 63) 
there is a continuous function Y: [t,, , co) - R such that 
e(t, ul ,..., u, , vl ,..., v,) 2 r(t), (9) 
f (t, ~1 ,..., u, , ~‘1 ,..., v,) < K (10) 
and for every k > 0 
- !s 
t 
lir;nmf (t - s)n--l [Y(S) - Kq(s)] ds - kt’+l( > 0. (11) 
to 
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THEOREM 3. Under conditions (8)-(1 l), all solutions of (7) are nonoscillatory 
OY nonnegative Z-type. In addition, if strict inequality holds in (1 I), then all solu- 
tions are nonoscillatory. 
Proof. Letting x(t) be a solution of (7) and applying conditions (8)-(lo), 
we obtain 
“e(t) 3 r(t) - Kg(t). 
Successive integrations yield 
x(t) > Pn-l(t) + i: (t - s)“-l [r(s) - Kg(s)] ds/(n - l)! 
where P,&t) is a polynomial of degree at most n - 1. There exists K > 0 and 
T > t, such that P,Jt) > --ktn-1 for t > T, so 
liE:nf x(t) 
Is 
t 
3 lim inf 
t+m t0 (t - s)n-l [r(s) - Kg(s)] ds - (n - l)! kt+l)/(n - l)! > 0. 
Hence x(t) is either nonoscillatory or nonnegative Z-type, and if strict inequality 
holds in (1 I), we have that x(t) is nonoscillatory. 
Remark. If we replace (11) by the stronger condition 
II 
t 
lizxrf t0 (t - s)“-~ [r(s) - Kg(s)] ds - kt”-21 > 0, 
then we obtain that all solutions of (7) are nonoscillatory and unbounded. 
For a special case of Eq. (l), Kartsatos and Manougian [39] gave conditions 
which guarantee that all solutions are oscillatory and unbounded. In an earlier 
paper, Kartsatos [31] showed that under certain conditions no nontrivial 
osciI1ator-y solution of (1) with e = 0 and 7i = 0, i = l,..., n can be bounded. 
Remark. We can replace conditions (9)-(11) by 
e(t, u1 ,... , u, , vu1 ,..., v,) < r(t), 
f (t, ~1 ,..., u, , ~1 ,.a., v,) 2 N, 
(12) 
and for all k > 0 
liy+zup 
Is 
t: (t - s>,-1 [r(s) - Nq(s)] ds + kt”-l! < 0, 
to then obtain that all solutions are nonoscillatory or nonpositive Z-type, with 
strict inequality in (13) implying nonoscillation. Notice that we have not 
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required a “sign condition” on f, such as (3), nor have we made any assumptions 
on the signs of K or N. 
The next theorem gives sufficient conditions for the bounded solutions of (7) 
to be nonoscillatory. 
THEOREM 4. Suppose that conditions (8) and (9) hold and f(t, u1 ,..., ZJ,J 
is bounded from above if u1 is bounded. If for every k, , k, > 0 
lirnj-nf 11’ (t - s)n-r [r(s) - k,q(s)] ds - k2t”-l[ >- 0, 
to 
then all bounded solutions of (7) are nonoscillatory or nonnegative Z-type. In addi- 
tion, if strict inequality holds in (14), then all bounded solutions are nonoscillatory. 
Proof. The proof of this theorem is similar to the proof of the previous 
theorem once we note that if x(t) is a bounded solution of (7), then there exists 
k, > 0 such that f(t, x(t),..., XC”-l)(~,Jt))) < k, . 
Remark. If we replace (9) by (12), (14) by 
lim+:up 
is 
t (t - s)“-l [T(S) + k,q(s)] ds + kzt”-l( < 0, 
to 
for every k, , k, > 0, and ask that f (t, ur ,... , vn) is bounded from below if ul 
is bounded, we obtain that all bounded solutions of (7) are nonoscillatory or 
nonpositive Z-type. Strict inequality in (15) would imply nonoscillation. 
In the next two theorems we remove the requirement that q be nonnegative 
by placing stronger conditions on the function f. 
THEOREM 5. Suppose that condition (9) holds, 
If(t, u1 ,.‘., u, , UT)1 ,**.> %)I < fit 
and for every k > 0 
t J‘ 
t 
lim inf t-,x t, (t - ~)~-l [r(s) - M ( q(s)/] ds - kt+ 3 0 (16) 
Then all solutions of (7) are nonoscillatory or nonnegative Z-type. Also, strict 
ineqzcality in (16) implies nonoscillation. 
Proof. Just note that @j(t) 3 r(t) - M 1 q(t)\ and proceed as before. 
Remark. Replacing (9) by (12) and (16) by 
lim+$up 
1s 
t (t - s)n-l [Y(S) + M ] q(s)]] ds + At”-‘: < 0 (17) 
to 
409/60/z-8 
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for every K > 0, yields analogous results. In addition, if in (16) or (17) we replace 
n - 1 by n - 2 and require strict inequality, we obtain that all solutions are 
nonoscillatory and unbounded. 
The proof of the following theorem is similar and will be omitted. 
THEOREM 6. Suppose that condition (9) holds, f(t, u1 ,..., v,) is bounded if u1 
is bounded, and for every kI , k, > 0, 
!S 
t 
lim inf 
t-+m ts (t - s)-l [Y(S) - k, 1 q(s)]] ds - k,t’+l) > 0. (18) 
Then all bounded solutions of (7) are nonoscillatory OY nonnegative Z-type. Further- 
more, if strict inequality holds in ( 18), then all bounded solutions are nonoscillatory. 
Remark. If we replace (9) by (12) and (18) by 
1$%-q IL: (t - W-l [y(s) + 4 I d4ll d.~ +kB+~ < 0 
for every k, , k, > 0, similar results are obtained. 
The previous four theorems were motivated by some recent results of Graef 
and Spikes [20], who considered the ordinary differential equation 
(a(t) x’)’ + q(t) f (x, x’) = d(t, X, x’) . 
In fact, when n = 2, a E 1, and 7i = 0, i = 1,2, Theorems 3-6 above generalize 
the corresponding results in [20]. 
The results in this paper can easily be extended to the case where the functions 
f and e in Eq. (1) depend on the n(m + 1) + 1 arguments (t, x(t),..., .x(+1)(t), 
x(T1(4),..*, x(Tm(t)), x’(Tl(t)),..., x’(T,Jt)),.a., x”-(q(t)),..., x’“-l’(~m(t))) by 
making the approporiate changes in hypotheses. 
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